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SUMMARY 
The work described in this dissertation was concerned with the 
static and dynamic behavior of doubly-connected plates subject to in-
plane loading. Accordingly, the governing equations for this class 
of Problems were derived and they are presented. The governing 
equations for the special cases of static stability and free Vibration 
are obtained from the general equations by setting certain quantities 
to zero. 
The results of an investigation of the local static stability 
of an infinite plate containing a circular hole are presented. A 
G-alerkin method for solving the governing differential equations is 
used and the results are compared with those obtained by a previous 
investigator. It was found that the local critical tensile load 
differed by approximately a factor of two. 
The results of a study of the natural Vibration of a large cir-
cular plate containing a circular hole are also given. Static stability 
information is obtained from the approximate Solution to the Vibration 
Problem. For large values of the ratio of the outer boundary radius to 
the inner boundary radius, the static stability results obtained in the 
Vibration problem are compared with the results cbtained in the static 
stability investigation. The results are in good agreement with each 
other. 
The results of an experimental investigation of the dynamic 
behavior of two rectangular sheet specimens containing different shaped 
XVI 
openings are presented. One of the specimens had a centrally located 
circular hole and the other had a centrally located elliptic hole. 
The first part of the experiment involved finding the natural frequency 
of Vibration of the specimens for different values of applied tensile 
load. The natural frequency for the specimen with a circular hole 
increased with increasing load. The natural frequency versus applied 
load curve for the specimen with the elliptic hole had three distinct 
regions; a region of increasing frequency, a region of decreasing 
frequency and then another region of increasing frequency. 
The second part of the experimental investigation was concerned 
with the Vibration behavior of the specimens when the applied tensile 
load varied with time. The results indicate that for a small value of 
the amplitude of the varying load, the natural frequency of the speci-
mens is related to the excitation frequency by the integer values of 
1, 2, 3, etc. The frequency ratios of l/2, 1, 3/2? 2, etc. which are 
usually observed in the dynamic stability investigations of other 




Static and Dynamic Stability 
Leonhard Euler [l] initiated the development of the theory for 
stability of equilibrium configurations of elastic bodies in 1 7 ^ when 
he solved the problern of a slender 
column loaded by axial compression 
forces (Figure l). The concept of 
stability received little attention 
during Euler's lifetime because at 
that time it appeared to be of no 
practical value. The primary con-
struction materials were wood and 
stone, and due to the relatively 
Figure 1, Euler Column 
low strength of these materials, 
bodies designed to meet strength requirements were so stout that they 
never failed from being unstable. Only when the introduction of high 
strength steel as a construction material during the latter half of the 
nineteenth Century did the problem of stability become important. 
The theory of stability of equilibrium configurations of bodies 
under static loads (loads that are not a function cf time) involves 
finding the positions of equilibrium of the body and then examining 
these positions to determine which are stable and which are unstable. 
2 
Problems of this type are called static stability problems due to the 
static nature of the loading. The stability information can be obtained 
mathematically by deriving the equations of motion of the body about an 
equilibrium position and examining the response of the body to a small, 
but otherwise, arbitrary disturbance applied to the body. The 
disturbance is specified by initial conditions as a small finite dis-
placement of the body, a small finite velocity imparted to the body, or 
any combination of the two. For a linear analysis, an equilibrium Posi-
tion is said to be stable when all Solutions to the equations of motion 
are bounded and unstable when any Solution is unbcunded. 
It is possible, however, to consider stability problems of a 
more general nature in which the static stability information is obtained 
as a limiting case. These problems belong to the field of dynamic 
stability. Dynamic stability is the study of motion of a body or system 
of bodies which are excited by an external foi'ce system -which possesses 
the following characteristic: At least one of the external forces must 
be time dependent and be applied in such a maoier ":hat an equivalent 
time independent load is able to induce loss cf static stability. 
To illustrate a problern of dynamic stability, consider the 
Euler-column (Figure l). If the axial force is specified to have a 
magnitude that varies with time, the problem becomes one of studying 
longitudinal motion of the column. The equivalent time independent 
loading (in this example the equivalent time independent loading is one 
in which the direction and point of application of the axial force 
remain unchanged but the magnitude is not a function of time) reduces the 
dynamic stability problem to a static stability problern. An axial 
3 
load of the form P + P cos X t, where Pn and P are time 
independent amplitudes, X is the frequency of excitation and t is 
the variable time, is a possible choice for the time dependent load. 
If the column is perfectly straight, it experiences only periodic 
longitudinal motion for any values of the force Parameters, P~, P-, 
and X. However, a small disturbance in the transverse direction can 
produce one of the following responses: 
(l) the column experiences motion in the transverse direction 
which is bounded 
or (2) the column experiences motion in the transverse direction 
which is unbounded. 
For any arbitrary disturbance, the motion of the column is said to be 
stable in the first case and unstable in the second case. Whether the 
motion is stable or unstable is found to depend 0:1 the values of P_, 
P and X. A stability plot can be made in parameter space (P , P 
and X space) by studying the motion of the column for particular 
combinations of the loading Parameters. 
Historical Background of Dynamic Stability 
The first mathematical analysis of a problern in dynamic stability 
was performed by N. M. Beliaev [2] in I92U. Beliaev obtained the 
principal region of instability for the hinged column loaded by the force, 
P(t) = Pn + P_ cos X t. When he held the value of P constant, he was 
able to plot the instability region in the P - X plane. 
The first person to treat the problem of thin elastic plates 
loaded by periodic in-plane loads was R. Einaudi [3] in 1936. Other 
k 
pioneers in the investigation of dynamic stability of plates were 
V. N. Chelomei M and V. A. Bodner [5]. ChelomeL made use of an 
energy method to solve the problem of a hinged plate that was not per-
fectly flat. Bodner, independent of Chelomei, solved a series of Pro-
blems of the dynamic stability of plates. For the hinged flat plate he 
obtained the exact Solution, while for other edge conditions he obtained 
only approximate Solutions. 
One of the more recent investigators on the subject of dynamic 
stability of plates is V. V. Bolotin. He has developed Solutions to 
both linear and non-linear dynamic stability of pl.ate problems. These 
appear in his book [6], The Dynamic Stability of Elastic Systems, which 
was published in Russian in 1956, and translated to English in I96I+. 
J. H. Somerset and R. M. Evan-Iwanowski [7J in 1965 showed that 
in-plane inertia influences the frequencies associated with the insta-
bility zones of a rectangular plate with a concentrated edge mass only 
if the excitation frequency is close to one of the natural frequencies 
of in-plane Vibration. Theoretical results of the problem were compared 
with experimental work [8] and were found to be in good agreement. In 
1969 N. Willems and R. C. Duffield [9] solved the problem of the dynamic 
stability of a rectangular plate with closely spaced stiffners. They 
showed that the presence of stiffeners on the rectangular plate causes 
the instability regions to be larger than the corr^sponding regions for 
an unstiffened plate. 
A description of the Russian accomplishment.3 in the field of 
dynamic stability through the year 1951 is given by E. A. Beilin and 
G. Y. Dzhanelidze [lO], A complete summary of the work that has been 
5 
done on the dynamic stability of columns, arches, rings, plates and 
Shells through the year 1965 is presented by R. M. Evan-Iwanowski [ll], 
Objective 
Under certain conditions, doubly-connected plates loaded by in-
plane time independent tensile forces on the outer boundary can undergo 
out-of-plane deflections in a local region on the inner boundary. This 
behavior is possible because of compressive stresses that are present 
in a local region at the inner boundary of the plate. When an equivalent 
time dependent loading (a loading with the saine direction and point of 
application "but a magnitude which is a function o:!1 time) acts on the 
out er boundary of such plates, the possibility of the plate being 
dynamically unstable in a local region of the plate exists. 
The primary objective of the investigation described in this 
dissertation was to study the static and dynamic stability of structural 
elements of the type discussed above. Accordingly, the governing 
equations for this class of problems have been derived and they are 
presented. Since the dynamic behavior under constant load exhibits 
properties of the structural System which are of fundamental Importance 





The possibility of obtaining a simple Solution of a given 
boundary-value problem often depends upon the choice of the coordinate 
System. This is particularly true vhen constant values of one or more 
of the coordinates define the region of the boundary in the problem 
under consideration. For example, cylindrical coordinates would be 
a good choice if a plate's boundary is formed by a circle, and 
elliptic-hyperbolic coordinates might be used for a plate with a 
boundary formed by an ellipse. 
With the idea in mind of having available the governing equations 
in the coordinate system which affords the best possibility of obtain-
ing a Solution to a problem, the governing equations for dynamic 
stability of the plates are derived in curviline.ir coordinates. This 
can be accomplished by letting the position of a point in a Cartesian 
coordinate system at tiiae t be given by the vector, 
rVl3a2,z,t) = x(c*l5a2,t)I + yCa^Qfgjt:)? + z(t)k , 
where a and & are Parameters that determine the values of x and 
y. The Symbols i, j and k denote unit vectors in the x, y, and 
z directions respectively (Figure 2). By fixing, in turn, 
7 
= constant 
& = constant 
Figure 2. Coordinate Systerr 
one of the Parameters and varying the other, a family of curves in the 
x - y plane is obtained. Vectors tangent to the curves of a equal 
a constant and a equal a constant are 
-* dr ~* dr 
«1 = ^ ^ g2 = ^ T 
respectively. The magnitudes of these vectors can he obtained by taking 
the dot product of each vector with itself. These magnitudes are denoted 
by the symbols OL and Gp and are defined as 
? -i-
Cr- - [ * • s j - m • &) i 
and 
2-.* 
«2-[%-y • [ ©
+ © ] 
> ( i ) 
If the family of curves in the x - y plane forms an orthogonal System 
(that is, curves of a equal a constant intersect curves ot equal 
a constant at right angles), the dot product of the vector g with 
—• 
g is equal to zero. The final governing equations then contain terms 
involving only G.. and Gp in addition to the x^ysical quantities of 
displacement, stress, etc. Thus, knowing the transformation equations 
from Cartesian coordinates to the coordinate System deemed appropriate 
for a particular prob lern, the values of G-, and G can be calculated. 
The field equations can then be obtained by introiucing the calculated 
values of G, and G . 
Strain-Displacement Equations 
Consider a body whose undeformed position at time t = 0 is 
given by the coordinates x, y, and z (Figure 3)• The position vector 
of a point located in the undeformed body is 
r>1?a2?z,0) = x(al3a2 0)i + y^^oi^O)^ + z(0)k . 
* Undeformed Body 
z«z 
y,y 
x , x 
Figure 3» Deformation of Body 
9 
At some later time t the point x, y and z is located at some 
•)f -)f -X-
other point x , y and z . If a Lagrangian dascription of deforma-
tion is used, the position vector of the point in the deformed body is 
l y y t w v/ _, > y , i 
r (al?a2>z,t) = x (o^o^z^t)! + y (o^Q^z,!,);] + z ( a ^ o ^ z ^ k . 
It proves convenient to adopt a measure of strain at a point 
— » 
which is defined in terms of the differentials of the vectors r and 
- » • * 
r as 
e = l/2(dr* . dr* - dr . dr)/(dr . dr) . 
The definition of strain can be expressed as 
e = (dr . dU + l/2 dU . dU)/(dr . dr) (2) 
by introducing the displacement vector (Figure 3) 
-• -Hf -* 
U = r - r . 
Writ ing the displacement vec to r i n component form as 
_ u u 
U = X S l + ^ g 2 + V > 
carrying out the indicated vector algebra in Equation (2), using the 
identities given in Appendix A, and neglecting all non-linear terms 
except 
10 
Ö U z \ 2 fb\\2 fl\\ ^z\ 
5^7 > \3ÖT) ^ \w; \^r) > 
1 2 1 2 
gives the strain-displacement equations. They are 
e = e ^ G - ^ / d s ) 2 + e22(G2d»2/ds)
2 
+ e z z ( d z / d s )
2 + 2e1 2(G1da1 /ds)(G2dQ^2 /dn) 
+ 2 e l z ( G 1 d a l / d s ) (dz/ds) + 2e2z(G2do?2/d«) (dz/ds) 
where 
2 2 2 
d ,unN _ ,-un ÖG., t u öGn /öu P)+Jgp= Zi + ^ î + p)] ( 3) £ 1 1 = ' 
ö a ^ G 1 2GX G 1 ö ^ 1 G2 öa öa^ 
Ö /U^\ _ r-Un ÖG^ 11« ÖG^ ,ÖU 
^ ) + J L p ^,-1 I^ + p)] (u) E22 = "~ 
ö ^ 2 G2 2G2
 , -G 1 ÖQf1 G2 ao?2 3a?2 
a-u 
ezz = s r (5) 
1 r 5 /U v ö /u_s du du i 
2 6 12 = G ^ b% 53^ ( ö f ) + G l 5 ^ ( ^ + 35* ^ J <6> 
2S!z = ̂  [ ^ + G! h W] (7) 
11 
.au 
26 2z = t fe + G2 £ M ] <«> 
and ds is the magnitude of dr. The strain component e is a 
measure of the change in length of the line segment G-jda . The strain 
component e is the change in angle between the line segments (kda 
and G dff . A similar physical Interpretation can be given to the two 
other extensional strain components e and e , and the two other 
shearing strain components e and e . 
Retaining some non-linear terms in the derivation of the governing 
equations was first introduced by T. von Karman ii 1910 in order to 
treat thin plates which experience moderately lar.ge deflections. Karman 
suggested that the rotations about the in-plane a.xes be retained since 
they are large compared to the other rotations for moderately large 
deflections of plates. 
The displacement component u in the above equations is a 
function of OL OL z and t. If it is assumed that normals to the 
reference surface are inextensible (e = 0 ; one of the Kirchhoff-Love 
zz 
hypotheses), the displacement component u becones a function of only 
Zi 
oi , a and t. This can be shown by considering Equation (5) which 
becomes 
du 
5T = ° <*> 
upon adopting this assumption. Integration of Equation (9) with respect to 
12 
z yields a function of a , er and t which may "be written as 
uz = w ^ o ^ t ) . (10) 
With this result and the assumption that nornals to the reference sur-
face before deformation remain normal to the reference surface after 
deformation (e_ = 0 and e. = 0; second of the Kirchhoff-Love 
v lz 2z ' 
hypotheses), the z dependence in the displacement components 
u, (a ,otp,z,t) and u (cv, er, z,t) can be determined. The assumption that 
e = 0 implies that Equation (7) is equal to zero, so 
-LZ 
du -s 
5-^ + G-, «r- ( un 1 = 0 oot 1 dz \ 1/ 
Integrating this equation with respect to z and using the result that 
u is not a function of z from Equation (10) produces the expression z 
Ul ( ai' a2' Z j t ) = u(ai^2jt) ' f~ o^T ™(otl9a2,t) . (11) 
In a similar manner, the expression 
U2(ai'C"2?Z't) = v ( a ! ^ 2 5 t ) " f~ %Zr ̂ ( a ! ^ 2 ? t ) (12) 
can be obtained by equating Equation (8) to zero (e = 0) and then 
£_Z 
integrat ing with respect to z. 
The desired strain-displacement equations are given by Substitut-
13 
ing the expressions for u-, u and u of Equations (10, 11 and 12) 
-L cL 2i 
r e s p e c t i v e l y , i n t o Equations(3? h and 6 ) . These equa t ions are 
where 
0 1 
6 1 1 = 6 1 1 + z e l l 
0 1 
:22 " €22 ZS22 
0 , 1 
;12 " S12 Z 612 ' 
> (13) 
o = _i_ ö u _ , _ x _ ^ i + _ A (5H_
X 
e i l - G l ö ^ G l G 2 ^ 2 ^ 
'22 
1 öv u ÖG, 
+ G2 5 ^ G l G 2 ö ^ , „ 2 
1 f&w ' 
„„2 \ 3 ^ ( 
0 J ^ ^ L . v ^ 2 + _1_ öu_ 
S12 " G l ^ - G1&2 ^ G2 öc 2 
u 1 1 öw dw 





11 - Gl ^ v G l ^ • ^ **2 ^ 2 
- e 22 
_L J L (JL ^L-) + _L_ -_^ öw_ 
G2 ^ 2 W 2 a«2; G2 ^ ^ 
ÖG 
oc1 = I 1 / 1 ^ . 1 2 




1 ö / 1 öw 
G2 ÖC^2 V G1 ^ 1 
G ^ ** i ö a 2 
1 Ö G 1 öw 




The stress-strain equations for a thin plate made of a material 
which is isotropic and linear elastic are 
e = _ I er - v CT 
11 E \ 11 22 
and 
s = — l <J - v CT 
22 E \ 22 11 
1+v 
'12 ~ E "12 
> (16) 
Since the plate is assumed to be thin, the normal stress er can be 
5 zz 
neelected. The strains e_, , e^ - and e are equal to zero from ö lz' 2z' zz 
the Kirchhoff-Love hypothesis used in obtaining the strain-displacement 
equations in the previous section. Solving Equations (l6) for the 
stresses in terms of the strains produces the equations 
15 
CT11 = 7̂  1̂1 + V 622 1-v 
°22 = 7 ^ (S22 + V SlJ 
and 
l-vl 
ai2 1+v V€12 
> (17) 
The Substitution of these equations into the stress resultant and 
• * 




a i 2 d Z 
N 22 
a 2 2 d Z 




z c22 dz and M ^ = J z a ^ dz , 
z z 
results in the following six equations: 
* The sub Script on the integral sign indicates the Integration is not 
indefinite but extends across the thickness of the plate. 
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and 
J<-Nll = 7 ^ 2  < e l l + V C 2 2 ) d Z 1-v z 
N. 22 1-v 
N 12 1+ v 
E 
(e22 + v e^dz 
612 dz 
Mll = 7^2 J Z(S11 + V S22 ) d z 
1-v z 
M > = 7 ^ 2 J Z(622 + V 6ll ) d Z 1-v z 
M 12 1 + v z 
Z 612 dz ' 
> (19) 
The sign Convention for the stress resultants and moments is given in 
Figure k. 
From the previous section on strain-displacement equations, the 
dependence of the strains e ? e and e,„ on the variable z is 
-L-L C.C. -Lei 
given in Equations (13)3 
0 1 
e l l = S l l + Z 6 1 1 
0 1 
e = e + z e 








S12 = S12 + Z S12 
The terms e„, e , e , e.,.,, e «« and e._. are functions of only the 
11' 22' 12 11 °° 10 22 12 
coordina te v a r i a b l e s <x and or , and t h e time v a r i a b l e t . I f the 
re fe rence surface i s chosen t o be the mid-plane of the p l a t e , the 
des i r ed form of the s t r e s s - s t r a i n equa t ions i s o t t a i n e d by s u b s t i t u t i n g 
the above equa t ions i n t o Equations (19) and perfcrming the i n t e g r a t i o n s 
wi th r e s p e c t t o z. These equat ions are 
N l l = K ( e l l + V e 2 2 ) 
N 22 K(*°2 + v e°ll} 
N 12 




M U = ^eli+ v 4> 
M 22 
M 12 
T ^ 1 1 \ 
K 22 i r 
(1 - v) D t\2 
> (21) 
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The symbols K and D are the plate extensional stiffness 
K = - ^ 
(1-v2) 
and the plate bending stiffness, 
D = — E h 3 
12(l-v2) 
Equations of Motion 
At a given time t, a body in motion can be considered to be 
in a state of equilibrium if the inerta forces are taken into account 
(d'Alembert's Principle). Using this principle to put the body in a 
state of equilibrium, the principle of virtua.l work can then be used 
to obtain the equations of motion. The principle of Virtual work states 
A body is in equilibrium if and only if for ctny Virtual dis-
placement the work done by the internal forces in the body 
plus the work done by the external forces on the body is 
equal to zero. 
A Virtual displacement is defined as a compatible displacement in which 
the forces, both internal and external, remain constant during the dis-
placement. In mathematical form the principle of Virtual work is 
5W. + 6W = 0 , 
1 e ' 
where 6Wj. is the work done by the internal forces during the Virtual 
displacement, and 6Wg is the work done by the external forces and 
20 
inertia forces during the Virtual displacement. If a strain energy 
functional exists such that 6w. can be written as 
1 
6W. = - 6U. 
1 J 
the mathematical expression for the principle of Virtual work becomes 
6U = 6W . (22) 
e 
Since the stress-strain equations are linear, the strain energy 
functional for two dimensional plate theory can be expressed as 
U = I J I I (ail Sll + a22 S22 + 2 CT12 e.12)GlG2 dZ d<*2 d<*l • 
Qi a2 Z 
Substituting the value of the strains given in Equations (13) and using 
the stress resultant and moment definitions, Equations (l8), the strain 
energy becomes 
°-i Ki V Oi Oi 
1 2 
~)C1G2 da2 dai ^ J° + N c° + 2N e° , 11 11 22 22 12 12/  2 1 
IM e + M e +2M e G G da da J V 11 11 22 22 12 12/ 1 2 2 +
 i 
2 i J \ 11 W H "22 22 12 12/ 1 2 2 1 
^1*2 
This expression for U can be expressed in terms of the displacements 
u, v and w by use of Equations (l̂ -) and (15) • After making the 
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Substitution, the change in strain energy due to bhe Virtual displace-
ments 6u, 6v and 6w can be calculated. 
The work done by the external forces and inertia forces during 
the Virtual displacements 6u, 6v and 6w is given by the expression 
, J2-- ^2 ^2 
6W = -
a oi "dt"" dtfc 3t 
o p p 
J ph ( L | 6u + 2 - | 6y + 2 - | hr)so clff2 d^ (2^) 
J (S 8u + S 6V)G I da 
a 2 a l 
if it is assumed that 
(1) the boundaries of the plate are specified by curves of 
oc equal a constant and 
(2) the only external forces acting on the plate are the 
in-plane forces N and N . 
The bar on the stress resultants indicate that they are acting on the 
boundaries of the plate. 
The principle of Virtual work can now be used to obtain the 
equations of motion for the plate by 
(1) calculating the change in U, 6u, frcm Equation (23) 
due to the Virtual displacements 5u, 6v and 6w 
(2) integrating several of the terms in the resulting expression 
for 6U by parts and 
22 
(3) siibstituting this value of öU and the value of 
5W into Equation (22) wnich is the mathematical 
expression for the principe of Virtual -work. 
After performing the ahove Operation, the resulsing expression is 
ör 2 
+ [ s T (G1K22) - 5 ^ \ l
 + ^ 5 ^ (G2
 Nl2) "
 ph G1G2 y ] 5 V 





-ph G i a 2 ^ J
 6w} da2
 d f f i+1 {[wu - 5u ]5u 
+ [ N 1 2 - N 1 2 ] av + k • i ^ + N l l ^ & -
+ »i4 ^ " [ ^ J ^ K l -2 = ° . 
23 
•where Q and Q, a re defined as 
\ = O l [sST (G2Mll) " 5 ^ «22 + *k (G1M12) " KT M J 
1 2 1 
ä « l  - 2 
^ (26) 
de ör 
ft2 " G ^ ^ ( G l M 2 2 ' ) " ^ Ml1 + *k ̂ ^ + ^ M J 
I t can be shown [12] t h a t the q u a n t i t i e s Q, and Q, are t r a n s v e r s e 
shear r e s u l t a n t s . The s ign Convention for Q and Q, i s shown in 
Figure k. 
Since 611, öv and öw are independent V i r t u a l d i sp lacements , 
one p o s s i b l e se t of va lues i s 
6u ^ 0 , 6v = 0 and 6w = 0 . 
Substituting these values into Equation (25) and appealing to the 
fundamental theorem of the calculus of variations yields 
ÖG 2 
4 (̂ ll) - 3^ N22 + ̂ 4 ^ ^ = ̂  ̂  i? * ^̂  
and either N,, = N.,., or u = 0. 
2k 
Another possible set of values for 6u, 6v and 6w is 
öu = 0, 6v ^ 0 and 6w = 0 . 
The Substitution of these values into Equation (25) and the appliea-
tion of the fundamental theorem of the calculus of variations produces 
the follo-wing condition: 
B(r 2 
k (G i N 2 2) - s r
 N n + TZ i r x ( 4 ^ = p
h G i ' 2 y > <
28> 
and e i ther N,p = N or v = 0. 
If the values of 6u equal to zero and 6v equal to zero are 
subst i tuted into Equation (25) leaving the value of 6w unspecified 
and Equations (27) and (28) are used to simplify the in-plane s t ress 
resul tant terms,the equation 
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I i % [̂  M+ 4 (°A)] + »n [£ 4 % ^) (29) 
a_ Ctf 1 2 1 2 1 1 ± ± '1 2 
+ -JL- ^ öw 1 + N l"JL
 ö ( -i. ^-) 
G1G2 d a 2 * V 2 2 L G2 ^ 2 ^ G2 * V 
+ _i_ ^ p_ i + 2N r i . a / i . awN 
G2G2 *«1 ^
 J 1 2 L G2 ^ V G 1 * Y 
1 J ^2 öw 1 T 1 ö^u öw . 1 ö-v dw ö wTl c p _ ,_, ,„ 
^ 5^ S ^ + P ^ ^ ^*<£ ^ ä^-^J}6 w G iWi 
- Jtr-J IS «fei a«2-° I '1 ^~ 1 ^ Q-
*2 X 
i s ob ta ined . The shear r e s u l t a n t s Q_ and Q, in the f i r s t i n t e g r a l 
of Equation (29) can be expressed in terms of the d e f l e c t i o n component 
w "by us ing Equations (26) , (21) and (15) . Equation (29) then "becomes 
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J J { D W W - Nll [ i ^ (A ^ ) + - ^ £ |̂ -] (30 
o^ « 2
 XJ- L U 1 o u l x u l ° " l ' Q^g 2 2 J 
n [Ä. JL (± *«J\ + _ i _ !^2 öwj 
" 22LG2 S ^ V G 2 9 ^ G2Q2 ^ toxJ 
1 2 L°2 3a2 S ä V G.G2 ^ Öff2J 
-J^^^^^-2- • 
where 
- 2 - 4 [ ^ ( | ^ * 4 C | 4)] • (w 
Equations (27) and (28) a re the in -p l ane equat ions of motion 
for the p l a t e . The express ion in b r a c k e t s under tiie double 
27 
Integration sign in Equation (30), if set to zeio, is the out-of-
plane equation of motion. The expressions in brackets under the 
Single Integration signs in Equation (30), if set to zero, are the 
natural transverse boundary conditlons for the plate. These conditlons 
are not separated into three separate equations, ho-wever, but are 
left as one equation because of the method of Solution that is to be 
used in a later section. 
Stress Function 
Equations (27) and (28) are the in-plane equations of motion 
for the plate. If it is assumed that in-plane liertia effects can be 
neglected, these equations become 
53^ (G2NiJ 
"* 4 ̂ ^ 
This assumption i s accep tab le when the in -p l ane e x c i t a t i o n frequency 
of the p l a t e i s not c lose t o an in -p l ane n a t u r a l frequency of the 
p l a t e , References [13,1^+1. Equations (32) can be s a t i s f i e d i d e n t i c a l l y 
by r e p r e s e n t i n g the s t r e s s r e s u l t a n t s i n terms of a s t r e s s Function 
0(<*1? ®2, t ) as 
ÖG2 
5 ^ N 2 2 
+ ££(^-° 
Ö G 1 
> (32) 
+ £ d r (G2 Ni2) = 0 
28 
N. 
i a / 1 a 
l i \G^ 007/ + 
x
 Ö G 2 Ö0 
G2 Ö«2 V 2 **2 7 ' G ^ ^ * * ! ' 
N, 22 - G± ^ \G± ^ ^ 2 S T ^ . 
N. 12 
i ö (JL *$) 
G-, "So" \(i Sö~7 1 'G2 G1G2 





These equations were obtained from Reference L15J« 
Compatibility Equation 
It is possible to obtain a compatibility equation containing 
e , eoo? e-io an(^ t n e displacement component w by eliminating the 
displacement components u and v from Equations (ik). In Reference 
[l6] the author presents a compatibility equation in curvilinear 
coordinates for the linear theory of thin elastic Shells. Although 
Equations (ik) are non-linear plate equations, Reference [l6] was used 
as a guide in developing the following compatibility equation: 
29 
J L X i r a 
"da 
2 "2 2 
ÖG. [  5 / o \ w u i o a / o \ 
l 51 LäF~ \ G i e i J ' 55" e22 " 557 \G2 e i 2 / 
^ 2 0 
a« ei2 J }
 + aa~ l G7 [äa77 (G2 622) 
1 " 1 ^ 1 
ÖG2 0 d / 0 \ ÖG1 0 1 \ 
53^ 611 " ^ \G1 S12/ " öa^ 612J J 
a IG 2 Lac*2 IH GX vaof^ J 
i _a n r a 
2 § 
_i_ ^ i /av V 
G2 a « 2 ^ 2 ; 
a r1 _i_ â _ aw_ h _̂ __ ÖG2 a¥ a¥ 11 
55^ L, G1 aa]_ a»2 J " G IG 2 ^ 5 ^ ^ J J 
i ^ . ( i r ä f i f M 2 h 
+
 2 öoT^ l G 1 LöoT^ 1̂  G2 \ a a 2 > J G 
L. !^2 /aw V 
2 a^n \aorn/ 
'i r 
ö f A ^L. JtL. h i d G i aw a™ 1 \ 
S^" ^ G2 a^1 a^2 ,J " GXG2 a^2 53^ 53~J J 
The compatibility equation can "be expressed in terms of the stress 
Function 0 "by using Equations (20) and (33)• This equation is 
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1 v * = T 3 ^ 1 5- L*^ l ^ ^ 7 J 
JL ÜÜi ^ ^2 J L f JL 5H_ öw 1 
" G2 d a 2 2 " Ö a i ^ G l Ö0?l ^ 2 ^ 
(3*0 
•1 ÖG2 öw öw 
G 1 G 2 ' ^*1 ^ 7 ^ " 
w_ 1 \ Eh d / JL [" - 2 - f - ^ ( ö w M 
» 2 J J 2 5ö^ l G]_ L c)a1 L, Gg \ 5c^ / J 
-L ^ 2 fbvr ) 2 J _ f l äw dw *] 
" G2 B a i ^ 1 " Ö a 2 ^ G2 * " l ^ 2 ^ 
1 B G 1 dw_ $ w l 1 
" G1G2 Ö^2 ÖQ/1 * V ' 
p 
where V i s given by Equation (31) • 
Setting the expression under the double Integrat ion sign in 
Equation (30) equal to zero, dropping the ine r t i a terms and using 
the values of G-, and G equal to unity for Cartesian coordinates, 
gives one of the two well known Karman equations for moderately large 
deflections of p l a t e s . The second Karman equation is obtained from 
Equation (3*0 by se t t ing the values of Q a,nd Gp equal to uni ty. 
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Dynamic Stability Eguations 
Consider a thin plate undergoing a steady-state, in-plane motion 
under the action of the "boundary loading: 
N 11 
«2,t) = Y 5 ^ ) + ß*(t) N ^ ) 
and N12(
a2>t.) = Y ̂ ( « J + ^ ^ ^2(^2) ' 
> (35) 
on the outer boundary of the plate and 
N1:L = 0 and N ^ = 0 (36) 
on the inner "boundary of the plate (Figure 5)» ^he syrabols Y and ß 
Figure 5. Loading on Plate 
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are loading parameters, fr and N are normalized static and 
dynamic load distributions, and Y is a periodic function of time. 
Since the plate is experiencing plane motion, the motion is governed 
by the differential equation 
V2 V2 0 = 0 ro (37) 
which is obtained by subst i tu t ing the value of w equal to zero into 
Equation (3*+). The zero subscript on 0 indicates in-plane motion. 
The boundary conditions for t h i s problem, Equations (35) and (36) can 
be expressed in terms of 0 by using Equations (33). The Solution of 
the problem posed can be wri t ten in the form 
^ O v v * ) = Y 4i(ai'a2)
+ PY(t) "SiOv"* 
,W 15a2,t) = v 42{"x,«2) + ßnt) ^2(«r«2) 




because the Operator 7 V is linear and does not contain any 
Operation with respect to the variable of time. 
A small transverse disturbance can be applied to the plate in 
the form 
33 
w = wQ + W l , 
where w r e p r e s e n t s the d i s t u r b a n c e . The p l a t e was exper ienc ing 
only i n -p l ane motion before the d i s tu rbance was a p p l i e d . Therefore , 
w_ would be equa l t o zero and the above equa t icn becomes 
w = w, 
Due to the disturbance, the stresses in the plate change. This can 
be taken into account by letting 0 = 0 + 0-, > where 0.. represents 
the change in the stress distribution due to the disturbance. 
For a small disturbance, 0 can be considered to be much 
larger than 0... This implies that Equation (37) is satisfactory for 
determining the stress distribution in the plate. If w.. or just 
is expressed in series form as 
w 
(ffl> V *> " I I W'l W<V a2> 09) W 
m n 
then the V a r i a t i o n of w i s 
5W = H g- «f-öfTT xk>t, 
k l * l 
From Equation (39) dw/öf, . = Xk» and the above equat ion becomes 
6w = I l \i 6fk (to) 
k £ 
3h 
after making this Substitution. Equation (30) is the governing 
equation for motion in the transverse direction. Substituting Equation 
(38) and (kO) into Equation (30) gives a doubly infinite set of 
equations for investigating the stability of thin plates expressing 
in-plane motion. These equations are 
00 co 2 
l l {»M» ~T¥ + Otfan " Y W (kl) 
m n dt 
- **(*> \ J 'J = ° 
where k ranges from m to infinity, l ranges from n to infinity 
and 
"fcfan- H p h Xmn ^ G l G2 d<*2 d ° i ^ 
1 2 
+ I ( « l + 4 ^ ^ ^ i a*2 
2 1 
- I ( ^ » J ^ G 2 i . -
a 2 1 1 or1 
35 
ÖX„ 
K'Uon -JJfcl^ £(£-&) 
-, ÖG, öx 
1 1 mn 
a a 
1 2 1
 w 1 " 1 1 G ^
 Ö a 2 Ö « 2 
N3 P ^ 22 LG„ öä 
* (i d M , i dG2 _^v i 
2 ° ^ U 2 5 a 2 ; G^G2 ^ ! ~ ^ J 
12 LG^ ocr \Gn ÖQL / „ „2 da' oa J-J ^s.1 1 2 2 1 '2 2 " 1 1 G 1 G 2 
-Jfê  V ^ t ^ ^ H ^ 
«Wi " J J K l LGT ô 7 (GT 3^f ) 
^• I^P 1 1 1 1 
1 3 G 1 axmn 
? o"a da 
G ^ 2 2 
+ ivP T-i- ö ( -L ^ "l + _ 1 _ ÖG2 ^ 1 
• 2 2 L G 2 0 ^ V G 2 -*T2) Q2 O ^ O ^ - J 
ÖX. ÖG„ ö; 
0 ATD f l 3 / 1
 dXmn\ 1 G2 ^ n i f n n n ,„ An 
2 »12 LGT S57 U , "55:; " —2 ET ^ J K*GiG2dcV**i 2 2 " 1 G ^ 1 2 
. [ {̂  _L 5 s + ^ -L 5 E } x k Ä I ac* • 
J ^ 1 1 G, ^ ö ~ 1N12 G 0 ^ ö ~
J k ^ 2 « l 2 QU 1 1 2 2 
Equation (41) can a l s o "be expressed in ma t r i x form as 
St M Ö
+ H (f) - ̂  [°] (4 -^ b] (4 • (°) ^ 
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The matrices [ A ] , [ B ] , [ C ] and [ D ] are composed of the elements 
V t a n ' bk^nn' "Trfmi ^ < W i respect ive^r . The matrices {f} and 
"iOr are column matrices composed of the elements f and zeros 
respect ively. 
The governing equations for the following problems can be 
obtained by se t t ing various combinations of the matrices equal to zero 
in Equation (1+3) -
(1) s t a t i c s t a b i l i t y of a th in p l a t e , 
([A] = [D] = [0 ] ) , 
(2) na tura l Vibration of a th in p la te without in-plane loading 
([C] = [D] = [0 ] ) , 
(3) na tura l Vibration of a th in p la te with in-plane loading 





In the previous chapter a general development of the governing 
equations for dynamic stability was presented. By use of the appro-
priate curvilinear coordinate System, these equations can be used to 
analyze problems involving a variety of boundary shapes. In this 
chapter the general equations are specialized to develop a detailed 
analysis of a specific problern. 
Consider the rectangular plate with a centrally located circular 
hole in the center (Figure 6). When the plate is loaded by uniformly 
Figure 6. Rectangular Plate with Cii-cular Hole 
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distributed tensile forces along two opposite edges, a non-uniform 
stress distribution is developed in the plate. The determination of 
the stress field when all of the outer boun&ariee extend to infinity 
and the plate material is linear elastic is a classic problern. The 
Solution is found in most books on the theory of elasticity [17]. 
The stress field has three important characteristics: 
(1) there are stresses in the plate that are larger than the 
applied external stress 
(2) the effect of the circular opening is- local in nature 
(3) there exists a region of compressive stresses in the 
vicinity of the hole. 
The first characteristic of the stress field is the one -which 
has been given the most attention by investigators. The emphasis of 
the problem is usually on evaluating the stress concentration which is 
the ratio of the maximum tangential stress along the inner boundary to 
the uniformly applied external stress. The important feature of the 
stress field for the title problem, however, is not the stress 
concentration, but the fact that a region of compression exists in the 
vicinity of the inner boundary. Due to this region of compression? 
it is conceivable for the region to experience an instability in the 
plane equilibrium configuration. This, of course, depends on the 
Parameters of the problem which are the magnitude of the loading, 
the material properties of the plate and the dimensions of the plate 
and the hole. Thus, the possibility of a local static stability 
problem exists. By keeping the load uniform along the edge of the 
39 
plate but allowing the magnitude of the load to vary with tijiie, a 
local dynamic stability prob lern also is possible» 
In-Plane Stress Distribution 
The plate under consideration has a rectangular outer boundary 
and a circular inner boundary. The diameter of the hole is assumed 
to be small compared to the length and width of the plate. To 
sünplify the problem, the rectangular outer bouncary is changed to a 
circular boundary with a radius that is large compared to the radius of 
the circular inner boundary (Figure 7). The validity of this change is 
Nr] 
r = b 
Figure 7« Circular Plate with Circular Hole 
ko 
justified by the fact that the out-of-plane deflection of the plate is 
confined locally to a region near the inner boundary of the plate» 
Changing the outer boundary of the plate, makes it necessary 
to replace the outer boundary loading N with an equipollent loading 
expressed in terms of N and 0 as 
xx 
N = - N (l + cos 2 8 
rr 2 xx \ 
and N 0 = - — N sin 2 
r8 2 xx 
N can be expressed in terms of the loading par&meters Y and ß by 
using the first of Equations (35) of Chapter II. This expression is 
N^y^t) = Y N^(y) + ß Y(t) S^(y) . 
The s t a t i c and dynamic components of the boundary loading N are 
jCX 
taken to be uniform for this particular problem. Therefore, IT and 
IT are constant along the boundary and can be sot equal to unity. 
xx 
The equation for N becomes 
^ xx 
N (t) = Y + ß Y(t). xx 
Substituting this expression for N into the above expressions for 
N and N fl gives the dynamic loading, 
kl 
N r r 
and N ö 
r9 
= | [ Y + ß Y ( t ) ] [ l+cos 2 e ] 
= - | [ Y + ß Y(t)] sin 2 9 
(1) 
on the circular outer boundary of the plate sho-wn in Figure 7. The 
loading on the circular inner boundary is 
N = 0 and N Q = 0 . (2) 
rr r9 ^ 
Equations (l) and (2) are the boundary conditions for the problem of 
determining the in-plane stress distribution. 
The governing differential equation in carvilinear coordinates 
for the determination of the in-plane stress distribution is Equation 
(37) of Chapter II where the differential Operator is defined by 
Equation (31) of Chapter II. In Order to convert this equation to 
polar coordinates it is necessary to use the app:ropriate values of G-, 
and G in the differential Operator. These values are obtained from 
Equations (l) of Chapter II with the transformatlon equations from 
Cartesian to polar coordinates which are 
x = r cos 6 and y = r sin 9 . 
The values of G-, and Gp for polar coordinates are 
G 1 = 1 and G2 = r. (3) 
Using Equations (3) the governing differential ecuation in polar 
k2 
coordinates for determining the in-plane stress distribution is 
v2 v2 0O = o , (io 
„2 d2 L 1 d 1 ö
2 ,_v 
where V = — - + - ^- + — —-• . (5) 
-v 2 r or 2 -vA2 
or r 00 
The Solution of Equation (h) with boundary conditions given by 
Equations (l) and (2) is presented in Reference [17] for a plate in 
which the outer boundary is located at infinity. The stress distribu-
tion which satisfies the governing differen_:ial equation and boundary 
conditions is 
N = 7 ^ + 3 Y(t) ISp 
TT TT TT 
%e^4e+^ (*) «?e y (6) 
and N = Y ̂  + ß Y(t) N0,, 
r9 r0 v ' r6 
where N3 , tfL, A , N0 , N?A and A are given by the rr' 96 rG rr 99 r6 
equations 
3̂ 




4 = <e = -K1 + ¥ - ^ ) - 2 e 
> (7) 
r r 
This stress distribution is also a good approximation to the stress 
distribution for a plate with a finite outer boundary as long as the 
outer boundary radius is large compared to the inner boundary radius. 
Local Static Stability Problem 
As stated in the preceding chapter, the governing equations for 
dynamic stability can be rediiced to the governing equations for static 
stability by setting certain quantities in the equations equal to zero, 
The static stability problem plays an Important part in the dynamic 
stability problem because any Solution of the latter problem must 
contain the Solution of the former problem. Therefore, before pro-
ceding to the more general problem, the local static stability problem 
is examined. 
D. A. Pellett [l8] apparently was the first person to conduct 
a mathematical investigation of the local static stability of an 
infinite plate with a circular opening subjected to a uniaxial tension 
loading. He used the Rayleigh Ritz method described in Reference [19]. 
Because of the local nature of the stability problem, Pellett chose 
kh 
M KT 
W<r>9> = Z Z fmn r"m L1 + Smn/ r + W^I81* n 6 + C0S n Ö] (8) 
m=l n=0 
for his assumed deflection function. This :function satisfies the 
geometric "boundaiy conditions of zero slope and deflection at infinity 
where the plate should be flat. Substituting the deflection function 
into the equations for zero shear and moment on the circular inner 
boundary, he obtained two equations from which the unknown constants 
S and T were determined. Thus, he was able to satisfy all of 
mn mn ' ° 
the boundary conditions. Substituting w and the static in-plane stress 
distribution into the energy functional, integrating, and then differ-
entiating with respect to each unknown coefficient f , he obtained 
ö * mn' 
four sets of linear algebraic equations. Four sets of equations were 
obtained because the unknown coefficients uncoupled due to the 
orthogonality of the trigonometric functions in the integrations. 
Each set of equations were classified by the symnetry or anti-symmetry 
of the deflection function as follows: 
(1) Symmetrie about the x axis and Symmetrie about the y 
axis (cos n 9, n = 0, 2, k, ...) 
(2) Symmetrie about the x axis and anti-Symmetrie about the 
y axis (cos n9, n = 1, 3, 5, ...) 
(3) anti-Symmetrie about the x axis and Symmetrie about the 
y axis (sin n 9, n = 1, 3, 5, •..) 
(k) anti-Symmetrie about the x axis and anti-symmetric 
sbout the y axis (sin n 9, n - 2, h, 6, ...) 
^ 
The equations for each group formed a generalized eigenvalue problem of 
the form 
HW-^Htt^H > ^ 
where K is the loading coefficient (K = ya /DJ, B is a Symmetrie 
and positive definite matrix, I Cj is a symmetiic matrix, yfY is a 
column matrix of the unknown coefficients, D is the bending stiffness, 
and "a" is the hole radius. The bending stiffness and the Square of 
the hole radius can he factored out from each coefficient in the 
B matrix, but Poisson^ ratio appears in a complicated manner. 11; 
must he given a specific value in order to calculate the coefficients. 
Using a matrix similarity transformation (Appendix B) he reduced the 
generalized eigenvalue problem to the special ei.genvalue problem in 
which the matrices are Symmetrie and K appears only in the diagonal 
Li 
elements. By using the Jacobi method [20] to solve this eigenvalue 
problem, he obtained both positive and negative eigenvalues. The 
lowest positive eigenvalue corresponds to the smallest tensile load 
which produces local buckling around the hole. Pellett's result 
for the local critical load can be expressed as 
N = KJ" D/a2 . 
er L ' • ' 
where K represents the smallest positive eiger.values calculated from 
Li 
Equations (9). Because of slow convergence of the approximate Solution 
to the exaet Solution, Pellett used a least Squares procedure to extra-
k6 
polate to a value of K for an infinite number of terms. For a value 
h 
of v = .3, the lowest positive value of K he calculated using this 
JJ 
procedure was Q^.^h. The mode which corresponded to this eigenvalue 
•was Symmetrie about both the x and the y axes. 
Shortly after Pellett had finished his work on the problem, 
R. G. Costello [21] discovered two errors in Pellett's formulation of 
the problem. He corrected the mistakes and comjuted a new value of KT 
JJ 
1 
using Pellett's Computer programs. The value he calculated for K_ is 
18.72. In examining Costello's work, an error is found in his expression 
for the strain energy due to bending which would cause his result to be 
incorrect also. He had a factor of (2 - v) in his equation when the 
factor should have been 2(1 - v). The symbol v is Poisson's ratio. 
The incorrect factor would cause the value of KT to be lower than the 
h 
1 
value of KT calculated by the correct factor. * L 
Another indication that Costello's value of K, is incorrect is 
JJ 
an experimental and analytical investigation made by P. K. Datta [22]. 
Datta calculated the local critical loads for several plates which 
contained elliptical openings. The limiting case in his investigation 
was the plate with a circular hole. The results he obtained along with 
the result obtained by using Costello's formula for the critical load 
are shown in Figure 8. As can be seen, an extrapolation of Datta's 
curve indicates the higher value of KT than thg/t calculated by Costello. 
In light of these observations, the remaining portion of this 
section is devoted to the investigation of the lecal static stability 
of the plate containing a circular hole when subjeeted to uniaxial 
tension. The equations necessary for examining this problem are given 
All dnmensions in inches 
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Figure 8. Bückling Stress versus Hole Shape 
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by Equations {kl) of Chapter I I wi th t h e c o e f f i c i e n t s ^j^^ and- \irn 
se t equa l t o ze ro . The equat ions are 
II (̂  
m n 
k-ünn k£mn/ ::nn 
(10) 
where k = m, . . . , °° and t = n, . . . , °° 
The c o e f f i c i e n t s b, , and c , a re c a l c u l a t e d from the second and 
k'Uim k'Uiin 
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The terms ( Q, + — ^. ) and M can be expressed in terms of x^ 
by using Equations (15), (21) and (26) of Chapter II with G equal to 
one and Gp equal to r. The resulting expressions are 
% T de 
) - . D [ . 
S \ n . 1 a \ n 1 äx) 









a\ öx Ö v • mn v_ ^mn _v_ mn 
ar2 r "ST- r2 ae2 -
The differential Operator V is given in Equation (5) of this chapter 
and the stress resultants N , PC« and UT. aie given by Equations (7) 
of this chapter. 
The coefficients for Equations (10) can r.ow be calculated by 
selecting suitable approximation function x. (**3 6)5 substituting 
these functions into the expressions for b, , and c, . and then 
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integrating. Knowing the coefficients, the solut:.on to the static 
stability problern is obtained by finding the non-trivial Solutions 
of the algebraic homogeneous Equations (10). Instead of using the 
Jacobi method which was used by Pellett and Costello, the values of KT 
obtained in this section were calculated by the method described in 
Appendix C. 
The first approximation functions selected to investigate the 
Problem were 
m = 1, 2, 3, ... 
/ Q X -mr/a Q X ^ (r,9) = e ' cos n 6 , 
^ n = 0, 2, h, ... 
The exponential function was chosen in order to satisfy the geometric 
boundary conditions at infinity. The cosine function with even integer 
powers was chosen because this investigation is concerned with only the 
lowest positive eigenvalues, and as Pellett and Costello found in their 
investigations, these particular trigonometric functions produce that 
value. The natural boundary conditions on the inner circular boundary 
do not have to be satisfied by the approximation iirinction x because 
they are satisfied in an average sense by the governing equations for the 
Problem. The Integration for the coefficients could not be evaluated 
exactly and the numerical values of the exponential integrals (Appendix 
D) were used. The trigonometric identities in Appendix E were also used 
in obtaining the coefficients. When the coefficients, "b̂ .̂  and- \ t > 
which were accurate to four significant figures were used, the values of 
K in Table 1 were obtained. 
L 
Table 1. Values of K^ U s i n g e " W a c o s n e 
Values of m and n Lowest Positive Eigenvalue, KT 
m = 1 
n = 0 
No positive value of KT 1 
i 
m = 1, 2 
n = 0, 2 
No positive value of K 
L 
m = 1, 2, 3 
n = 0, 2, k 
K^ = 67.19 
m = 1, 2, 3, k 
n = 0, 2, k, 6 
Ki = 7-57 
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These results are surprising in view of the fact that 
Costello's value of K , which was previously reasoned as being low, 
JJ 
is 18.72. G. S. Mikhlin stated in his book, Approximate Methods for 
the Solution of Differential and Integral Equations [23]: 
The approximate Solution given by the energy method 
approaches the exact Solution as the number of terms for the 
approximation increases. This is true if the approximate 
Solution is computed without error, but in practice, as a 
rule, the Situation is different. The approximate Solution 
is determined from the energy method, which is constructed 
and solved with some error. The error, whica we assume to 
be small, is not very important if the number of terms used 
in the approximation is small, i.e., if the energy method is 
used to find only a crude approximation. If however, it is 
desired to construct a more exact approximation, it is 
necessary to use higher-order approximations, and here the 
errors accumulated during computation of the matrices for 
the energy method, as well as in solving this System, can 
reach appreciable proportions. This raises the problem of 
determining whether the energy method is stable with respect 
to this kind of small error. 
Mikhlin stated that this type of error can be minimized by using 
orthogonal approximation functions. Another way to minimize the error 
would be to increase the accuracy in the computations. Choosing the 
latter approach, the accuracy of the coefficients was increased from 
four to seven significant figures and the values of KT were 
re-calculated. These values appear in Table 2. A comparison of the 
results in Table 1 and Table 2 leads one to believe that there does 
exist a computational instability in the energy method. 
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Table 2. Values of K Using e ' cos n 0 and Increasing the Accuracy 
Values of m and n Lowe s t P o s i t i v e Eigenvalue , K 
m = 1 
n = 0 
No p o s i t i v e value of K 
L 
m = 1, 2 
n = 0 , 2 
No p o s i t i v e va lue of K 
m = 1, 2 , 3 
n = 0, 2 , k 
^ = 67 .67 
m = 1, 2 , 3 , k 
n = 0, 2, k, 6 L 
m = 1, 2, 3 , ^ , 5 
n = 0 , 2, k, 5, 8 
KJ" = 1+2.814-
L 
Upon discovering that this type of Situation exists in the problern, 
the approximation functions 
m = 2, 3, h9 ... 
Xmn ^'^ = ^a/r^m cos n 9 > 
n = 0, 2, k, ... 
5h 
were adopted. The graphs of these functions when n is equal to zero 
and m is equal to two, three and four are shown in Figure 9» Unlike 
the other approximation functions which could not be integrated exactly, 
these functions can be integrated exactly. This means that the coeffi-
cients b, , and c, , can be calculated from exact algebraic 
k-Cmn K'Cmn ^ 
equations instead of algebraic equations which contain approximate values 
of the exponential integrals. Using coefficients which were accurate to 
sixteen significant figures, the values of K, in Table 3 were obtained. 
,m Table 3- Values of K Using ( a / r ) cos n 9 
Li 
1 
Values of m and n Lowe s t P o s i t i v e Eigenvalue , KT 
Li 
m = 2 
n = 0 
No p o s i t i v e va lue of K 
J_j 
m = 2, 3 
m = 0 , 2 
No p o s i t i v e value of K 
Li 
m = 2, 3 , h 
n = 0 , 2, k 
IY4 = 66.96 
J_l 
m = 2, 3 , h, 5 
n = 0 , 2 , k, 6 
K^ = U3-7U 
m = 2, 3, h, 5, 6 
n = 0, 2 , k, 6 , 8 
K^ = 40.79 
Jj 
m = 2, 3 , h, 5, 6, 7 
n = 0 , 2, h, 6 , 8 , 10 
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Figure 10. Plot of Orthogonalized Approximation Functions 
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It can he seen from Tahles 2 and 3 that convergence appears to he slow. 
A third set of approximation functions was tried. These 
functions were constructed using the Gram-Schmicit orthogonalization 
process. The first three of these functions are 
X2n = [(a/r) J cos n 9 
X 3 n = [k (a/r)
3 - 3 (a/r)2] cos n 9 
and x^n = [l5(a/r) - 20(a/r)
3 + 6 (a/r)2] cos n 9 
The graphs of these three functions when n is equal to zero are shown 
in Figure 10. Each function of r in an approximation function * 
is orthogonal to all of the other functions of r in the other approxi-
mation functions. The interval of orthogonalization extends from 
r = a to infinity. Using sixteen significant figures, the values of 
KT for these functions are the same as those listed in Tahle 3« 
Since the orthogonized set of functions should provide the hest accuracy 
for a given number of significant figures, it can, therefore, he 
concluded that the results of Tahle 3 are accurabe. If a greater 
number of approximation functions were used;> there would ultimately 
he a difference hetween the methods of computation. 
In order to have an additional check of the method used in 
Computing the eigenvalues, the method used hy Pellett and Costello to 
calculate their eigenvalues was adopted. This method made use of a 
similarity transformation (Appendix B) and a Jacohi procedure. The 
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values of K using this method were within one percent of those 
1 J 
l i s t ed in Table 3-
The lowest value obtained for KT in Table 3 i s 39*93. Thirty-
six approximation functions were used to get t h i s r e s u l t . For the 
same number of terms Costel lo 's value of K" i s 19.05. 
.L 
From the preceding analytical investigations, the following 
conclusions are made: 
(1) Costello's value of K is not correct • 
(2) There is a computational instability in the particular 
energy method that was iised. 
(3) For all approximation functions investigated convergence 
is slow. 
Natural Vibration Problem 
This section is concerned with the natural Vibration of a plate 
with concentric circular inner and outer boundan.es. A constant in-
plane loading given by Equations (l) with Y(t) equal to zero is applied 
on the outer boundary. The plate and loading are the same as discussed 
in the previous section except that the outer boundary of the plate 
is considered to be located at a finite distance from the center of the 
plate. This distance, however, is assumed to be large compared to the 
distance to the inner boundary, so that the stress distribution for the 
t 
The energy method used in this investigation is called the Galerkin 
method. If another approximation method had been used, the computa-
tional instability may not have occurred. 
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infinite plate can be used. This problem is selected for two specific 
reasons: 
(1) The problem illustrates how the general dynamic 
stability equations can be reduced to the equations 
necessary to analyze the natural Vibration problem. 
(2) The problem furnishes more Information about the 
local static stability problem treated in the previous 
section. 
The equations necessary to examine the problem are given by 
Equations (kl) of Chapter II with the coefficienbs &., set equal 
to zero. These equations are 
00 00 
ntv» ̂ f +L-yJ^]-o (*> 
m n ot 
•where k = m, ... °° and l> = n, ... °°. 
Substituting the values of G, = 1 and G = r for polar coordinates 
into the first of Equations (k2) of Chapter II, ':he expression 
b 2rr 
•WI = I I ph Xmn \t r d9 dr (13) 
a o 
is obtained for the coefficients ^.t^ • Tne coefficients b, . and 
c, . are calculated from Equations (11) of the last section with the 
integration in the r direction extending from the inner boundary 
(r = a) to the outer boundary (r = b) instead of from the inner 
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"boundary to infinity. 
By using the approximation Functions 
Xmn (r'6) = [(r/b) " ̂  (a/r) t 1 + S m n ( a / r ) + Tmn ( a / r ) 2] cos n 9 > 
all of the boundary conditions can be satisfied. The term [(r/b)-l] 
satisfies the geometric boundary conditions of zero slope and deflec-
tion on the outer boundary. The constants S and T can be chosen 
° mn mn 
so that the natural boundary conditions of zero shear and moment are 
satisfied on the inner boundary. Since the plate's outer boundary is 
finite, m can take on both positive and negative integer values. For 
convenience, the parameter 5 is introduced as bhe ratio of the outer 
boundary radius to the inner boundary radius, 
l = b/a . 
Using the parameter, the approximation functions becomes 
V (*>9) - [ f <*/*) - l ] 2 ( * / r ) m [ l + Sm n(a/r) - T ^ ( a / r )
2 ] cos n 6 
When these functions are used to calculate the coefficients K-tmn' 
b, • and c, , , the density p , the thickness h, the bending 
2 
stiffness D and the Square of the hole radius s. can be factored 
out; but the boundary ratio £ and Poisson's ratio v can not be. 
These quantities must be given specific values in Order to calculate 
the coefficients. 
In matrix form Equations (12) are 
2 ~ 2 
a Ph [A] {g} • D/a* [B] {,} - V [c] {,} - {0} 
If i t i s assumed that the p la te experiences simple harmonic motion of 
the form 
{*} - (4 ^ 
the matrix equation becomes 
- w2 a2 ph [ A ] {q} + D/a2 [ B ] {q} - Y [c] {q} = {o} . 
o 
Multiplying each term in this equation by a /D, the equation can be 
written as 
- (hf [A] {,} + [B] {,} - K, [c] {,} - {0} , 
where K_ is the frequency coefficient 
r 
Kp = ÜÜ a
2 V ph/l) (14) 
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and K is the buckling coefficient previously defined as 
JJ 
o 
K = Y a /D. By specifying a value of K_, the smallest elgenvalue 
K can be obtained by using the method of matrix iteration [24]. 
F 
This method could not be used in obtaining the lowest positive elgen-
value in the static stability problem because the method converges to 
one over the smallest eigenvalue, and for the infinite plate, the 
smallest eigenvalue is zero. Knowing the value of K , the lowest 
F 
natural frequency is given by 
™ i i = 4 -/D/ph /a-2 
This equation is obtained by solving Equation (14) for the frequency cu. 
For a fixed number of approximation functions, outer to inner 
boundary ratio and Poisson ratio, values of KT were chosen and each 
-L 
corresponding eigenvalue problem was solved for the critical frequency 
coefficient K . A curve was then plotted in the K - K plane. For 
a value of § = 10 and v = .3, the results obtained are shown in 
Figure 11. Table 4 gives the values of m and n for the approxima-
tion functions that were used to obtain each curve in Figure 11. The 
effect on K of increasing the outer to inner boundary from § = 10 
F 
to § = 50 is shown in Figure 12. As was expe3ted, the frequency 
decreases for an increase in 5-
© - 1 Term Solution 
(g) - k Term Solution 
- 9 Term Solution 
- 16 Term Solution 
- 25 Term Solution 
- 36 Term Solution 
jj 
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Figure 12(a). Effect on K of Increasing l = b/a 
0.3r 
Figure 12(b) Effect of K of Increasing § = b/a 
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Table h. Values of m and n for Number of Approximation Functions Used 
X No of Terms m n 
© 1 k 0 
© k ^ 5 1 0 ,2 
© 9 ^,5,6 0,2,1* | 
© 16 3,^,5,6 0,2,i*,6 
© 25 2,3 ,^ ,5 ,6 o,2,i*,6,8 
© 36 1,2,3,^,5,6 o,2,U,6,8, io 
The value of K when the frequency is equal to zero (K = 0) 
L F 
is the tensile buckling load KT for this problem. For the same 
number of terms, these values (Figure 11) are close to the values of 
KT in Table 3 of the last section. The values of KT should not 
agree exactly because one plate is large while the other is infinite. 
Also slightlv different approximation function were used in each 
analysis. For the plate with § = 10, the value of KT for the 36 
term Solution is ̂ 0.50. For the plate with § = 50, the value of K 
L 
for the 36 term Solution is 39»50. An increase in the value of from 
50 to 100 did not produce any change in the value of KT = 39.50. 
Based on Costello^ value of KT for thirty-six terms (K" = I9.O5) 
and his extrapolated value of K for an infinite number of terms 
L 
(KT = 18 .72) , the improvement was approximately 1.8 p e r c e n t . Applying 
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this improvement to the value of KT = 39'50 gives a value for KT 
of 38.82. 
The buckling mode shape corresponding to KT = 39-50 was computed 
and plotted in Figure 13 for the following cases:: 
(1) At r = a for 0 ^ 9 ̂  r/2 
(2) At 9 = 0 for a ̂  r £ ̂ 0a 
and (3) At 9 = rr/2 for a ̂  r £ 50a 
The curves are normalized -with respect to the deflection at the point 
r = a and 9 = 0 . 
Dynamic Stability Problem 
The investigations in the two previous sections were concerned 
with static stability and natural Vibration of a plate. These subjects 
are special cases of the more general field of dynamic stability. This 
section deals with the dynamic stability problem for the plate described 
in the preceding section. 
Since the phenomonon of local dynamic stability has never before 
been shown to exist, it was feit that an experimental rather than an 
analytical investigation would be the more effective means of establish-
ing existence of the phenomonon. 
In view of the exploratory nature of the investigation a detailed 
analytical Solution to the problem was not developed. An outline of 
the method of Solution which would be necessary for the class of problems 
which are of interest here is, however, presented in this section. 
The governing equations for dynamic stability are Equations (k-3) 
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Figure 13. Mode Shape for K_ = 39-50 
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of Chapter II. If ¥(t) is defined as 
Y(t) = cos Xt 
the governing equations become 
W ö ) + H (4 -Y H lf} -ß cos xt H ifl - H (l5) 
dt 
For the finite plate discussed in the previous two sections, the 
coefficients in the A, B and C matrices would be obtained from Equation 
(13) and Equations (11) with the upper limit on the Integration in the 
r direction being b instead of infinity. The coefficients for the 
D matrix -would be identical to the coefficients in the C matrix 
because it was previously stated that the static and dynamic loading 
distributions on the outer boundary of the plate have the same form. 
All the matrices in Equation (15) are Symmetrie. The matrices A and 
B are positive definite. 
The Solution to the problem involves findi.ng the regions of 
stability and instability in parameter space (for this particular 
problem, parameter space is the Y, ß and X sps.ee). If the funetion 
Y(t) is a periodic funetion with period T, the boundaries that 
separate these regions from one another are obtained by determining 
the conditions under which the differential equations governing the 
problem have periodic Solutions of period T and 2T [25]. Therefore, 
since the cos Xt is a periodic funetion of period 2TT/X, the boundaries 
of the regions are obtained by finding the solutions of Equations (15) 
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which are periodic with period 2TT/X and ^-TT/X. The equations for 
determining the existence of Solutions to the governing equations with 
period kn/X are o'btained by subst i tu t ing the Courier ser ies 
00 00 
( f j = ^ { p | sin (kX/2)t + £ {q} cos (kX/2)t (16) 
k=l,3 ' k k=l ,3 k 
into Equations (15) and se t t ing the coefficients of sin(kX/2)t and 
cos(kX/2)t equal to zero. The coefficients ypj and jqj- are tarne 
' k k 
independent constants. Similarly, the equations for determining the 
existence of Solutions to the governing equations with period 2TT/X 
are obtained by subst i tu t ing the Fourier ser ies 
00 00 
{f} = £ {p} sin (xk/2Jt + ^ {q} cos (xk/2) t (17) 
k=2,U k k=2,U k 
into Equations (15) and se t t ing the coefficients of sin(kX/2)t and 
cos(kX/2)t equal to zero. An approximate expression for the boundaries 
of the pr inc ipa l region of i n s t a b i l i t y i s obtair.ed by subst i tu t ing only 
the f i r s t term in the Fourier ser ies for j f f given in Equation (16) 
into the governing equations and comparing coefficients of the 
trigonometric functions [26] . If t h i s i s done the following equations 
are obtained: 
- X2/k [ A ] + [ B ] - Y [ c ] ± ß/2 [D" = {o} (18) 
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A boundary point for the principal region of instability can now be 
calculated by fixing two of the Parameters Y ftnd ß and solving 
the resulting eigenvalue problern for the other parameter. By 
continually repeating this procediire, the boundaries of the principal 
instability region can be obtained. 
Before concluding this section, an imporiant characteristic of 
dynamic stability is derived. This is a relationship between the 
natural frequency ÜÜ of a plate with pre-load and the frequency X 
at which the plate is being dynamically excited. 
If the amplitude of excitation is small, that is, ß is vanishing-
ly small, Equations (iß) for dynamic stability becomes 
- \2/k [A] + [B] - Y [C] = {0} (19) 
The natural Vibration problem would be governed by Equations (15) 
with the D matrix equal to zero. Assuming simple harmonic motion 
the governing equations for the natural Vibration problem are 
- w2 [A] + [B] - Y [C] = {0} (20) 
Comparing Equations (19) and (20) it can be seen that the natural 
frequency uu and the excitation frequency X are related by the 
ratio 
ÜU /X = 1/2 
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Actiially it can be shown [26] that by taking all the terms in the 
Fourier series, Equations (l6) and (17)? the natural frequency is 
related to the excitation frequency by the ratios. 
CDNA = k/2 , 
where k = 1, 2, 3? •••? co. This indicates that the natural frequency 






In the previous chapter, the analytical investigations of a 
thin tensioned sheet with a circular hole were presented. However, no 
concliisions were reached regarding the existence of local dynamic 
stability. This chapter describes an experimental investigation that 
was performed in order to provide Information on this behavior. 
Description of Testing Fixture and Specimens 
The testing fixture shown in Figure 14 was designed and built 
especially for conducting the experiments described in this section. 
The base of the fixture is reinforced concrete and is isolated from 
the floor by four large Springs. The vertical members are steel I 
beams. These beams are connected together at the top by a steel cross-
over member which is used to house the loading assembly. The loading 
essembly is capable of applying a mean load to the specialen. The 
specialen was attached to the loading assembly by a pin connection. A 
horizontal spring was used to fasten the bottom end of the specimen. 
This connection was made by bolting two angle sections to the spring 
and connecting the angles to the specimen by means of a pin. The 
horizontal spring was designed so that only a small portion of the 
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Figure 1k. Testing Fixture 
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The first specimen used in the experimerts was a rectangular 
sheet with a circular hole (Figure 15(a)). This specimen was made from 
0.020 inch thick sheet of aluminum alloy 202^4—Tj. End plates made 
from 0.375 inch thick bar stock of aluminum allcy 202*+-TU were bonded 
on "both faces of the sheet with room temperature curing epoxy. Two 
dowel pins were used at each end to insure proper alignment of the 
end plates on the sheet. The centrally located circular hole had a 
radius of 0.60 inch. 
The second specimen used in the experiments was a rectangular 
sheet with an elliptic hole (Figure 15("b)). This specimen was made from 
0.025 inch thick sheet of the aluminum alloy, Al.clad 2024-T3. End 
plates similar to the ones used on the sheet with a circular hole were 
used on this specimen also. The elliptic hole was made in the specimen 
by using a numerically controlled milling machine which produced hole 
contours which were within 0.005 inch of the specified dimensions. The 
major axis of the elliptic hole was 3*00 inches and the minor axis was 
0.60 inch. 
Procedure and Results of Natural Frequency Investigation 
Experiments were conducted to find the natural frequency of the 
sheet specimens for different values of applied tensile load. The 
following paragraphs describe the test procedura used and the data 
obtained. 
Each specimen was placed in the testing fixture and a mean load 
was applied by turning the screw at the top of :he fixture. The mean 
load was measured by connecting back to back st.'ain gages (gages were 















Figure 15("b). Specimen with Elliptic Hole 
All dimensions in inches 
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located at point A on the specimen in Figure 16) to a bridge that 
measured the sum of the two gage Outputs. The sum of the two gage Out-
puts provides a measure of the mid-surface strain. After the mean load 
was applied, an eleetrodynamic shaker was connected to the bottom of 
the horizontal spring. An audio oscillator in conjunetion with a 
power amplifier was used to generate the input signal to the shaker. 
When the shaker was operating, the dynamic response of the free edge of 
the holes was measured by back to back strain gages (gages were located 
at point B on the specimen in Figure 16). These gages were connected to 
another bridge which measured the difference of the two gage Outputs. 
The difference of the two gage Outputs provided a measure of the local 
bending strain. The strain gages had a sensitivity factor of 2.09 and 
a resistance of 120 Ohms. A description of the instruments that were 
used in these experiunents is presented in Table 5« 
Table 5« Instrument Specifications 
Instrument Model Manufacturer 
Electronic Shaker Cll M. B. Electronics 
Amplifier 104 Accudata 
SK-k Strain Indicator Type N Baldwin-Lima-Hamilton 
SR-1+ Strain Indicator Type 20 Baldwin-Lima-Hamilton 
Oscillator T112531 M. B. Electronics 
Oscillator 209A Hewlett Packard 
Tracking Filter SD10XB Spectral Dynamics Corp. 
Oscilloscope Type 502A Tektronix 
Attenuator 350D Hewlett Packard 










Figure 16. Schematic Diagram for Natural 
Frequency Experiment 
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The natural frequency of Vibration at different tensile loads 
was detected "by use of an oscilloscope. A schematic diagram of the 
test facility is sho-wn in Figure 16. The exciting force signal, after 
passing through a voltage attenuator to reduce its strength, was fed 
into the horizontal input of the oscilloscope. The response (dynamic 
bending strain) signal was amplified to increase its strength and was 
fed into a tracking filter. The tracking filter which utilized a 
1-1/2 Hertz filter was tuned by the exciting force signal. The 
response signal was then fed into the vertical input of the oscillo-
scope. The force versus response trace on the oscilloscope screen 
was an ellipse as shown in Figure 17. The change in sign of the in-
phase component of response was used as an indication of the transi-
tion through the natural frequency. 
The lowest natural frequency of the specimens was found by 
varying the frequency on the oscillator and observing the oscilloscope. 
The data obtained in this experiment for both spscimens are shown in 
Figure 18. The natural frequency versus load curve for the specimen 
containing the elliptic hole shows that for increasing loads in the 
region from E to F in the figure the frequency decreases. This is due 
to the influence of the local region of compressive stress near the hole. 
Although a tensile load applied to the specimen with the circular hole 
produces a local region of compressive stress near the opening, the 
influence of the compressive region on the natural frequency of the 
specimen does not appear to be as great as in the other specimen. In 
the region from C to D in Figure l8(a), an increase in load produces an 
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Figure l8(a). Natural Frequency versus Applied Stress 
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Figure l8(b). Natural Frequency versus Applied Stress 
Curve for Specimen with Elliptic Hole 
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included in the experimental investigations be cause the frequency 
versus load curve differed substantially from the one obtained for the 
specimen with the circular hole. 
Strietly speaking, the loading on the specimen boundary was not 
constant. The total load was composed of the mein load and the varying 
load produced by the shaker. However, the amplitude of the varyirig load 
was always kept below one percent of the amplitude of the mean load. 
This meant, that for all practical purposes. the loading could be con-
sidered to have a constant value in the experiment. The total load on 
the specimen was never allowed to exceed the value of loading which 
would cause inelastic deformation. 
Procedure and Results of Dynamic Stability Iivestigations 
Experiments were also condueted to determine the Vibration 
characteristics of the previously described spec-mens for an applied 
dynarnic tensile load. The following paragrs.ph describes the procedure-
used and the data obtained. 
After each specimen was placed in the testing fixture a mean 
load was applied by turning the screw at the top of the fixture. The 
mean load was measured in the same manner as described in the natural 
frequency experiments (gages located at point G on the specimen in 
Figure 20). The electrodynamic shaker was then connected to the 
horizontal spring. The shaker generated the varying portion of the 
total load shown in Figure 19. An estimate of the varying load was 
measured by an oscilloscope. The signal from bai:k to back strain gages 
(gages located at point H on the specimen in Figure 20) was fed into a 
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r- P 
P~ = amplitude of mean load 
P1 = amplitude of varying load 
Figure 19. Total Applied load 
bridge which measured the sum of the gage Outputs. The Output from 
the bridge was amplified and fed into a calibrated oscilloscope. A 
schematic diagram of the test facility is shown in Figure 20. A 
description of the instruments that were used in these experiments is 
presented in Table 5« 
The dynamic bending response of the plate was measured at 
points I and J in Figure 20. Back to back strain gages at these loca-
tions were connected to a bridge which measured the difference in the 
gage Outputs. The signal from the bridge was amplified and fed into a 
tracking filter. The tracking filter was used to remove all extraneous 
Signals from the System. An external oscillatcr generated the tuning 
input to the filter. The Output from the filter was fed into a root-
Oscilloscope 
Amplifier 
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The natural frequency for a given mean load was fed into the 
tracking filter by the oscillator connected to the filter. The 
frequency on the oscillator that generated the signal for the shaker 
was then varied and the responses of the plate at points I and J were 
recorded by taking readings on the root-mean-Square Voltmeter. 
Typical frequency-response curves are presented in Figure 21 
for point I on the specimens. Both specimens exnibited a response at 
the openings in the plates when the ratio of the natural frequency to 
the excitation frequency had integer values of one through five. The 
frequency corresponding to the integer values greater than one were 
investigated to determine if they were other natural frequencies of the 
plate. No response from the plate was observed on the voltmeter when 
"both oscillators were set on these frequencies. Therefore, it was 
concluded that the frequencies where not natural frequencies of the 
plate. At point J on the specimens only the natural frequencies 
registered a response on the voltmeter. However,, the Signals from 
point J were not as large as the Signals at the same frequencies from 
point I. This tends to indicate the largest response of the specimens 
is confined to the local regions near the openings in the specimens. 
The regions of stable and unstable behavior at the edge of the 
holes in the specimens can be determined by observing the frequency-
response curves at different values of the mean applied load. A 
plot of these regions is presented in Figures 22(a) and 22(b). 
The maximum force rating on the shaker th£/t was used in the 
experimental investigation was plus or minus 50 i'cumds. The tensile 
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buckling loads for the specimens are greater than 1000 pounds. There-
fore, the amplitude of the varying load P_ was limited to a maximum 
value of less than five percent of the critical load. 
The relationship between natural frequency and excitation 
frequency for the two specimens tested does not compare completely with 
the frequency relationship found in the dynamic stability investigations 
of other structural elements [6]. For a small value of the varying 
load, the frequency ratios of natural frequency to excitation frequency 
for a column or a plate without an opening when loaded "by compressive 
forces are l/2, 1, 3/2, 2, 5/2, 3? etc. (see the last section in 
Chapter III). The frequency ratios for the two plates with centrally 
located openings are 1, 2, 3? etc. No response was exhibited by the 
specimens containing holes at the frequency ratios l/2, 3/2, 5/2, etc. 
The theoretical implications of the beha^ior observed are of 
considerable interest. The boundary curves which separate stable 
regions from unstable regions are generated by Solutions to the 
governing differential equation which are periodic with period T and 
2T (see last section in Chapter III). These Solutions are obtained by 
solving two independent eigenvalue problems; one for Solutions of 
period T and the other for Solutions of period 2T. The frequency 
ratios of 1, 2, 3? etc. are associated with the Solutions of period T 
and the frequency ratios of l/2, 3/2, 5/2, etc. are associated with 
the Solutions of period 2T. The absence of responses corresponding to 
Solutions of period 2T implies that the associated eigenvalue problem 
has only trival Solutions. The presence of responses corresponding to 
Solutions of period T implies that non-trival Solutions exist for the 
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associated problem. 
It is not possible at present to specify precisely which features 
of the experlmental raodel cause the observed response to be different 
from that which is customarily expected in dynamic stability problems. 
Some discussion of these matters is, however, possible. 
The modeis tested involved a non-uniform stress state which is 
statically indeterminate. The example problems presented in Reference 
[6] predominantly involve either uniform stress states or statically 
determinate stress states. This difference in itself, however, does 
not necessarily give rise to the observed behavior. It merely causes 
the problem to be more difficult to analyze. 
The natural frequency of the structural element being investi-
gated is an important factor in dynamic sts,bili":y investigations. In 
previous investigations in dynamic stability the applied loads have 
been compressive in nature and this causes the natural frequency 
versus applied load curves to have a similar characteristic. Namely, 
the natural frequency decreases continuously wi":h increasing applied 
load and there is a load axis intercept at the eritical value of load. 
The natural frequency versus applied load curves (Figure 18) for the 
two specimens that were investigated do not indicate this type of 
behavior. 
In problems of the type described in Reference [6] the eigen-
functions for the associated Vibration and buckling problems are either 
the same or at least similar in form. For the "ests described here, 
the forms of the Vibration mode and the buckling mode were quite 
different. The buckling mode tended to be local and was confined to a 
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region above and below the holes. The vibratior. modes were global in 
character and involved motion of the entire plate. 
When the Vibration modes and buckling mcdes are identical, 
Equations (̂ 3) of Chapter II uncouple and it prcves convenient in 
dynamic stability analysies to introduce the ratio 
c .
 P i 
_ p ^ , 
v er o' 
where P is the critical load. In fact, the frequency ratio ^ A 
versus £ plots are often presented to display the regions of 
stability and instability. 
An examination of the above ratio reveals that an infinite 
number of combinations of P and P can be selected to give the 
same value of £. In other words the dynamic stability behavior plot 
can be established for all load combination possibilities. 
In view of the marked difference in the forms of the static 
and Vibration modes for the problems described h2re, it is not 
possible to develop fully the dynamic stability behavior by holding 
P, constant and varying P^. Since the value of P in the present 
investigation was necessarily small, it follows -öhat the dynamic 
behavior for large values of P remains unknowc for the present. 
In view of the substantial differences cited between the 
speeimens tested and the more conventional speeimens, it seems reason-
able to expect that the details of the dynamic stability response might 
differ. A detailed explanation of the theoretical significance of these 




The problem of local buckling around a ctrcular opening in a 
large rectangular plate was examined. The loading on the plate was 
uniform tension on two opposite boundaries. Sinĉ e the buckling phenome-
non was in a local region adjacent to the circular hole, the outer 
rectangular boundary was replaced by a circular boundary located at 
infinity. The expression for the critical load was determined to be: 
N = K̂ T D/a2 
er L ' 
where D is the bending stiffness, a is the hole radius and K is 
JJ 
the lowest positive eigenvalue in the problem. A previous investigator 
had determined the value of K to be 18.72. Several different approxi-
L 
mation series were used in a Galerkin Solution pi-ocedure to obtain 
values of KT. All the results obtained indicate that the correct value 
Li 
of K should be approximately twice the value obtained by the previous 
L 
investigator. 
The natural Vibration of a large circular plate with a circular 
hole was also investigated. The loading on the toundary was the same 
as in the static stability problem. The local buckling load was obtained 
in the Vibration problem by finding the smallest value of the tensile 
boundary loading which made the natural frequency of the plate zero. 
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As the radius of the outer boundary was increased, values of K were 
L 
obtained. These results were compatible with the previous static 
stability results and they indicate that if the cuter to inner boundary 
ratio is 50 or larger then the value of K does not change. 
Li 
An experimental investigation was conducted to determine the 
Vibration behavior of two rectangular sheet specimens containing 
different shaped holes. One specimen had a eentrally located circular 
hole and the other had a eentrally located elliptic hole. The first 
part of the experiment was concerned with finding the natural freqiiency 
of each specimen for different values of applied bensile load. The 
natural frequency of the specimen with a circular hole increased with 
increasing load. The local region of compressive stress appeared to 
have little influence on the natural frequency. 
There were three distinet regions to the :iatural frequency 
versus applied load curve for the specimen with the elliptic hole. 
Starting from zero load on the specimen, the natural frequency increased 
with increasing applied load, When the applied load reached a certain 
value, the compressive zone adjacent to the hole .started to have an 
influence on the sheet response. The natural frequency then decreased 
with increasing load. At about the value of the tensile buckling load 
of the specimen, the natural frequency again begin to increase as the 
load continued to increase. The local tensile buckling loads could 
not be obtained from the natural frequency versus applied load curves 
because the curves never intersected the applied load axis. The presence 
of specimen imperfection and middle surface stretching due to bending 
are believed to be responsible for this behavior. 
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The second part of the experiment was concerned with determining 
the Vibration characteristics of the previously c.escribed specimens for 
a cyclic tensile load. The dynamic bending respcnse of the plate was 
measured at the lip of the holes in the specimens. A response charac-
teristic of the type normally encountered in dynemic stability is 
observed when the ratio of the specimen's natural frequency to the 
excitation frequency is equal to the integer valu.es of 1, 2, 3, etc. 
This frequency relationship does not compare completely with the ones 
found in the dynamic stability investigations of other structural ele-
ments. A discussion of the theoretical implications of this response 
was presented. It is suggested that additional studies be conducted in 
which the varying component of the total load is larger than that which 
was possible in the test facility used. 
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CHAPTER VI 
RECOMMEEDATIONS FOR FUTURE RESEARCH 
The static and dynamic behavior of several plates containing 
centrally located openings has been described in this manuscript. The 
results obtained coiild be more completely explained and further insight 
into the problem could be developed through extensions of the present 
research. 
It was found that there are freqiiencies below the lowest na.tural 
frequency of the plate at which a resonant type behavior was observed 
in the region adjacent to the opening in the pla:e. A more extensive 
experimental investigation should be conducted i:i order to obtain more 
Information about this type of behavior. A better understanding of how 
larger values of the varying load affects the vioration characteristics 
of the plate should be obtained. Plates with other hole shapes should 
also be investigated. For example, a plate containing a centrally 
located crack should be investigated. If there stre frequencies below 
the lowest natural frequency that cause a resonait type behavior in a 
plate containing a crack, then an investigation should be conducted in 
order to determine what effect this behavior has on crack propagation 
rates. 
An approximate value of the local tensile buckling load of an 
infinite plate containing a circular opening was found by .using a 
G-alerkin Solution procedure. A more exact value of the buckling load 
9h 
should be obtained. One Suggestion -would be to investigate other 
approximation functions in order to achieve more rapid convergence to 
the exact Solution. Another Suggestion would be to use a different 
Solution procedure, perhaps finite difference or finite element. Once 
a more exact value of the buckling load is obtaired, a theoretical 
investigation of the dynamic stability problem should be conducted. 
This should contribute to a better understanding of the experimental 
results that were obtained in this research work. 
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APPENDIX A 
IDENTITIES USED IN DERIVING 
STRAIN-DISPLACEMENT EQUATIONS 
Ö g l r
 Ö G 1 
g l ' 5ä~ " G l Sä 
1 1 
Ö S 2
 d G i 
; 1 * 3a = G l 5ä?7 
51 " ^ = G l ^ 
ö g 2 ÖG2 
>1 ' Sc^ " G2 Sä]" 
ö § ! 5G1 
>2 * 53^ ~ " G l 5 ^ 
*g 2 3G2 
S 2 # Sä7 " G2 357 
* g l p ^ 
'2 * ~a~ b 2 fca 
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ög2 *G2 
3c^ G2 < ^ 
These identities were obtained by a derivation similar to the 
one presented in Reference [27]• 
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APPENDIX B 
TRANSFORMATION FROM THE GENERALIZED 
EIGENVALUE PROBLEM TO THE SPECIAL 
EIGENVALUE PROBLEM 
Consider the eigenvalue problern of the form 
[A] {X} = n [B] {X} , (B-l) 
where | A and B are real Symmetrie Square matrices, jxr is a column 
matrix of unknown coefficients and \i is a parameter. The problem 
involves finding values of |j. for which non-trivial solutions exist to 
the homogeneous set of equations. The problem a£; given by the matrix 
equation above is called a generalized eigenvalue problem. If the 
B matrix is equal to the identity matrix I (the identity matrix has the 
diagonal elements equal to unity and the off-diagonal elements equal 
to zero), Equation (B-l) becomes 
[A] {X} = , [l] {*} • (B-2) 
In order to use the Jacobi method to obtain eiger.values and eigenvectors, 
the matrix Equation (B~l) must be reduced to the form in Equation (B-2). 
The matrix I B I in Equation (B-l) can be expressed in the form 
98 
where D is a diagonal matrix of the eigenvalues of the B matrix and 
Q, is a matrix of the eigenvectors of the B matrix. A transformation 
of the form Q D Q is called a similarity transformation. Sub-
stituting this expression for B into Equation (B-l) gives 
H {*} =* H [D] WT { 
Since the D matrix is diagonal, this equation can be written as 
[A] {*} = n [Q] [D*] [D*] [Q] {X} , (B-3) 
•X-
where the matrix D is obtained by taking the Square root of the elements 
in the D matrix. Pre-multiplying Equations (B-3) by the inverse of the 
matrix product Q D and using the fact that the inverse of a matrix 
product is equivalent to the inverse of the individual matrices in 
reverse order, yields the equation 
[D*] b] W W = •* [D*J W (x) • 
Post-multiplying A I and Q, j "in the above equation by the ident i ty matrix 
formed by the product of | D 0, and i t s inverse, the following 
equation is obtained: 
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[c] {y} - , [l] {y} , (B-4) 
- 1 ,- - , - 1 _ -, ,. - , ? " 1 p. „ - , -1 
where [ c ] - [ V ] [ Q ] [ A ] [ Q ] [ D * ] 
and {y}=[D*]H {X} -
If the eigenvectors of the Q matrix are normalizecL so that they are 
unit vectors, the inverse of the Q, matrix is equal to the transpose of 
the Q matrix [28] and the C matrix can be written as 
[c] . [ v f [Q]
T [A] H [B*]"
1 . 
The Jacobi method can now be used to obtain the eigenvalues and eigen-
vectors of the homogeneous System of equations gi^en by Equation (B-^). 
The transformation from the generalized problern to the special 
Problem does not change the value of the eigenvalues. However, the 




METHOD OF SOLVING GEItfEEALIZIID 
EIGEWALUE PROBLEM 
A method fo r f inding e igenvalues of the homogeneous equat ions 
[A] {X} = , [ B ] {X} (C-1) 
is presented in this appendix. The eigenvalues of this system of 
equations are the values of n- for which the determinant A(|j,), defined 
as 
A(MO = [A] - ̂ B] 
is equal to zero. For an assumed value of \±, the determinant A([i) 
can he calculated. A plot of A(|i) versus [i can then be made by 
successively picking values of \i and calculatirig corresponding values 
of the determinant. The values of [L at which the curve intersects 
the |i. axis are the eigenvalues of Equations (C-l). 
In order to calculate an eigenvalue accurately, the method 
described above was used in conjunction with an Iteration routine. Once 
a change in sign of A(|i) was located, an iteratf.on routine was used to 
converge to the value of |i for which A(^) was equal to zero. 
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APPENDIX D 
VALUES OF THE EXPOKEFTIAL INTEGBALS 
00 
E(m) = m f 1 -ffi. e — e 
J l r 
E(2) = .3613286 
E(3) = .2620837 
E(4) = .2063457 
E(5) = .1704222 
E(6) = .1452676 
E(7) = .1266411 
E(8) = .1122796 
E(9) = .1008620 
E(10)= . 0915633 




These values were obtained from Reference [29]. 
APPENDIX E 
TRIGONOMETRIC IDEOTIES 
n = 1 , 2 , 3 , . . . and l = 1 ,2 ,3 , 
2rr 
'o 
J cos n9 cos IQ d9 = 
TT ; n = K 
0 ; n \ l 
2TT 
cos 29 cos n9 cos td d9 = 
J 0 
TT/2 ; l * n + 2 
TT/2 ; n s £ + 2 , n 
0 ; othervd.se 
2TT 
sin 29 sin n9 cos IQ d9 = J0 
-n/2 ; l * n + 2 
n/2 ; n - -6 + 2, n 
0 ; otherwise 
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Technology in September 1961 and graduated in Lecember 1965 with a 
Bachelor*s degree in aerospace engineering. He vas a member of Sigma 
Alpha Epsilon social fraternity. 
Upon graduating from Georgia Tech Mr. Backer worked for the 
Lockheed-Georgia Company. He received the Technical Excellence Award 
while at Lockheed for his work on the C-5A allerens. While working 
at Lockheed, Mr. Backer, also attended Georgia Tech on a part time 
basis. He received an M. S. in A.E. in June of 1970. Shortly after 
reeeiving this degree Mr. Backer left Lockheed tc devot?-füll time to 
graduate work at Georgia Tech. He was awarded a Lockheed Leadership 
Fellowship during this period. 
He is married to the former Iynn Cobb of Houston, Texas. They 
have a daughter and presently reside in Pascagoula, Mississippi. 
